
Descriptive Set Theory
Lecture 20

Ltausdorf.
Obs

. If a function f : ✗→ Y
,
X
,

Y top . spaces, is continuous
,

then its graph ↳ ≤ ✗ ✗ Y is closed
.

In fact
, if f is

f continuous ✗→ IT
,
Y') , where T

' is a✗ "
µ coarse"Ñ%p on Y

,
then Gf is still closed

%
in XxY with the tier top a Y .

Converse is false . f:[0,01 → 10
,a)

✗ ↳ 40
if ✗ =D

•

¥ o.lv
.

Top. black magic ( Kaiyuan (Ronnie) then) . let 4,4 be Polish ,

with top . Tx at Ty resp
. let f. ✗→ Y be a function

with closed graph .
If TI is the coarsest client of

Tx making f continuous
,
i.e

.
1¥ Txt f-'(TT)

,

then %
'
is still Polish .

Proof
. By the continuity/ of f:( ×, Tx

') → IY
, Yy) , %

'

is

homeomorphic the the top %
'
✗ Ty restricted to

the graph Gf . But this top is the saw only
by black {as Ty ✗ Yy so Tx

'

✗ Ty /
*

is Polish being a closed
magic



subset of the Polish top Tx ✗Ty on ✗ ✗Y
.

Remark
. The way

we will use this is as follows :
- start with a nut

.
f :(✗

, Tx ) → (Y, %), kik Polish
.

- Take any Polish retreat Ty
' of Ty .

- Gf still stays closed in Tx ✗ Ty!
- Then Tx

'
:= Txt f-

' IT;) is still Polish

I f :( ×, Tx
' ) → 14

, T.it is still continuous
.

Analytic sets
.

What happens when we project a Borel set
,
i. e.

say
X
,
Y are Polish

,
B ≤ ✗ ✗ Y Band

,
is prig;D

Borel ? Lebesgue showed yes but Sashi shared no
,

chick gave rise to a new clan at sets :

Def
. A subset A of a Polish spae ✗ is called

analytic if it's a continuous image of a Bowl
at
,
i. e. 3- Polish Yal B ≤ Y U f : Y→ ✗

continuous it
.

A - f (B)
.



Pop . Fer a Polish ✗ I A ≤ ✗
,
TFAE:

(1) 7 Polish Y and a Borel B ≤ ✗ ✗Y s -t
. A =proj✗B).

(2) A is analytic , i. e. F Polish 2- 1%3%-7 d continuous

f : 2-→ ✗ sit
. A = f- (B)

.

(3) 7 Polish 2-
,
Borel B ≤ 7- I a Borel f: 2-→✗

sit
.

A -
- f /B) .

(4) 7 Polish 2- at a continuous f : 2- →✗ g.
f. AAA) .

(5) 7 continuous f : IN 'N
→ ✗ sit . A-=f(IN "Y .

(6) 7 closed C ≤ ✗ ✗ IN
'" sit

. A- prog:(c) .

Proof
.
4)⇒ (2)⇒G) is trivial . (3)⇒ (4) . Make f continuous ad B≤ 2-

doren by refining the Polish top. on 2- icto a finer Polish
top , so f :B→ ✗ is continuous I A-- f (B) . (4)⇒(5) is
due to the fact tht every

Polish
space is a uitiaaoas image

at INN . (5)⇒ (6) let G- let the graph of f.

let Eik) be the collection at analytic shuts at
a Polish space × , I let Nick) : = >I:(×) he

the class of co- analytic sets
.
let Aik) := -2

'

,
G) NITIN

.

Note that BK) ≤ a:(×)
.



For a Polish space
Y at a chess P of subsets of Polish

spaces ( say
T - B or F- IT;) , define , breach Polish ×

,

7" TIX) : __ { prog;D) :B c- 1- (✗✗4) } .
Why this notation? If A- pooja (B) , B ≤ ✗ ✗ Y

,
HEX

B ✗ C- A <⇒ 7g C- Y (×, g) c- B

a.
↓

Note Eilx) =3 ""
"

IT :(×)
, by (6) af Papa.

Closure properties of -2! I
'
ii closed under

(a) continuous images
at pre images

(b) dbl unions and dbl intersections
(d) Borel images d peerages .

Proof
.

The closure unter coat
. images is trivial

.

For painages , let A- c- ✗ be the pnej . of a
closed (≤ ✗✗ IN "V I let f : Y →✗ be

continuous
. Need to show th f-

' (A) is still analytic.
µ idxf" (c) IN"✓× c idxf : Y✗ IN

"
→ ✗ ✗ INN

IN

④ µ bit) ↳ G-41,4 -

f-'(A) & ¥ A %



For intersections
,
Rt An ≤ ✗ be analytic

,
so Ai-pnoj.cn

here Cu ≤ ✗ ✗ INN is closed. For ✗ EX
,

/ co ✗ c- 1 An <⇒ An ✗ C- An

4 1--3 for Fyne INN (x, g) c- Cu

% ⇔ 3- G.) c-④ " takin)tG
We leave unions as an exercise . closed

E; closed

The ( Sordid . Every uncfbl Polich space ✗ has an X-universal

sit for -2114
,
i. e. 7 U ≤ ✗ ✗ ✗ analytic

sit
. lux : ✗EX) = -2,4×1 .

Proof. Recall tht 2-11×1=-3
""
"

IT:(✗ ✗ IN"Y
.

let U ≤ Xox Xx /N'N be an X -universal utter
IT:(✗ ✗ IN 'N)

,
here Xo=h=X

.
Then the sit U / ≤ ✗

◦
✗ IN

"V

defined his U ' :=puj%×✗Y is as desired .

↳ ( sordid
. Aik) E- Eik≤ IT

,

' I transacted Polish × .



Proof
.

let U ≤ ✗ ✗✗ be a universal set her Ii Cx) .

then A-ti Diaglh) : = { ✗ c- ✗ : 14×1 c- U
'} is no analytic

being the pre image of U
'

of ✗ ↳ lx, H ,
and

it is net acct tic sie ce it's not = Ux for any
✗ C- ✗

,
b
}
Cantor

.

Note . Rer a t - cowpat space X , like ✗ ≤=/R
,

if CE Xxx is closed
,
then pnojc is still rugrat

hue Fr
.

Analytic separation (Luzia . If A.,A ,
≤ ✗ Polish are

disjoint analytic uh, then 3- B ≤ ✗ Boel

separating then, i. e. B ≥A◦ I B
'

≥ A .
.

B' V7 ⑨:

her Houdin)
. Bad = Ai KI tr

g
Polish ✗

.

Proof
.
If A c- ✗ it analytical Ac is also analytic ,
then by separation , 3- Borel B C- ✗ sit

.

B ≥ A d B
'
≥ A
' ⇒ A- =D .


